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Abstract: We show that in a closed 3-manifold with a generic metric of positive 
Ricci curvature, there are minimal surfaces of arbitrary large Morse index, which partially 
confirms a conjecture by F. Marques and A. Neves. We prove this by analyzing the 
lamination structure of the limit of minimal surfaces with bounded Morse index. 


1 Introduction 

In 1982, S. T. Yau conjectured that every closed 3-manifold admits infinitely many smooth, 
closed, immersed minimal surfaces BYl Problem 88]. This was recently confirmed by Mar¬ 
ques and Neves when the ambient manifold has positive Ricci curvature [IMN13II : they proved 
the existence of infinitely many smooth, closed, embedded minimal hypersurfaces in mani¬ 
fold of positive Ricci curvature when 2 < n < 6. They [IMN131IM141 IN 1411 also 

conjectured that generically the Morse indices of these minimal hypersurfaces should grow 
linearly to infinity. However, it is even unknown that whether the Morse indices of these min¬ 
imal surfaces are bounded. In this paper, we address this question in dimension 3 by showing 
that generically the Morse indices of these minimal surfaces must grow up to infinity. 

Denote by a 3-manifold. A metric on M is called bumpy, if any closed embedded 
minimal surface has no nontrivial Jacobi fields. In [IW91II . B. White showed that bumpy 
metrics are generic. Our main result is the following: 

Theorem 1.1. Let be a closed 3-manifold with a bumpy metric g of positive Ricci curva¬ 
ture. Then there exist embedded minimal surfaces of arbitrarily large Morse index in (M^, g). 

*The author is partially supported by NSFC grant No. 11131007. 
iThe author is partially supported by NSF grant DMS-1406337. 
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The problem of finding minimal surfaees with fixed topology and arbitrarily large Morse 
index in 3-manifolds has attraeted a lot of interests. This problem originated from a well- 
known question of Pitts and Rubinstein (e.f. [IPR871 ICMOOH l. Motivated by this question, 
Hass-Norbury-Rubinstein [IHNR03II eonstrueted a smooth metrie on any 3-manifold whieh 
admits embedded genus zero minimal surfaees of arbitrarily high Morse index. Colding- 
Hingston [ICH03II and Colding-De Lellis IICD05II extended the eonstruetion (by different meth¬ 
ods), respeetively, to find metries on any 3-manifold whieh admits minimal surfaees with no 
Morse index bound of genus 1 and genus > 2. Compared to these results, our result gives 
a large family of metries on 3-manifold whieh admit minimal surfaees of arbitrarily large 
Morse index, while assuming no genus bound. 

In faet. Theorem |1.1| is a direet eorollary of the following finiteness theorem for minimal 
surfaees of bounded Morse index in a bumpy metrie and Marques-Neves’s result in PMNDL 
Let be a elosed 3-manifold with a bumpy metrie g of positive Rieei eurvature, and M. the 
spaee of embedded, elosed, minimal surfaees in {M,g). By [IMN13II . Ai eontains infinitely 
many elements. Given N 1, we denote A^at by 

MN = {^eM: Ind(S)<iV}. (1.1) 


Then we have 


Theorem 1.2. Let be a closed 3-manifold with a bumpy metric g of positive Ricci curva¬ 
ture. Then there are only finitely many elements in M. m- 


Remark 1.3. The result is not true in general if we remove the assumption of positive Ricci 
curvature, as Golding and Minicozzi l\CM99\l constructed an open set of metrics on any com¬ 
pact 3-manifolds which admit stable embedded minimal tori of arbitrarily large are^ 


Theorem 1.2 is proved by studying the limit of a sequenee of minimal surfaees of bounded 
Morse index. Convergenee theorems for minimal surfaees have been studied extensively in 
the past, espeeially in 3-dimension. Choi-Sehoen IICS85II proved the eompaetness of embed¬ 
ded minimal surfaees of fixed topologieal type in a elosed 3-manifold with positive Rieei 
eurvature. Anderson [|An85l and White IIW87i respeetively proved similar eonvergenee and 
eompaetness results for minimal surfaees and surfaees that are stationary for parametrie ellip- 
tie funetionals in 3-manifold with bounded genus and bounded area. For higher dimensional 
ease, in a reeent work HSISL B. Sharp showed a eonvergenee result for minimal hypersurfaees 
with bounded Morse index and bounded volume. A key teehnieal eondition of these results 
is the area bound. Without this assumption, Golding and Minieozzi developed a whole theory 
[ICM04I1 ICM04II[ ICM04TTT1ICM04IV1ICM15II to study the eonvergenee of minimal surfaees 


' We would like to thank the referee for pointing out this example to us. 
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with fixed genus but no area bound. The key point in Colding-Minieozzi’s theory is to study 
the lamination eonvergenee of minimal surfaees. Our proof of Theorem 1 1. 2| utilizes this idea, 
and the eonvergenee result in the proof ean be thought as an analogy of Colding-Minieozzi’s 
theory for minimal surfaees with fixed Morse index but no area bound. 

At the end, we want to mention Colding-Minieozzi’s finiteness theorem HCMOOII and a 
eorollary. 

Theorem 1.4. (Colding-Minicozzi HCMOOl Theorem 1.1]) Let be a closed orientable 3- 
manifold with a bumpy metric g, and V, e fixed. There exist at most finitely many closed 
embedded minimal surfaces in M with genus e and area at most V. 

By Yang-Yau HYYSOH and Choi-Wang nCW831 . in a Riemmannian 3-manifold M with 
RiCg > A > 0, any elosed embedded minimal surfaee with fixed genus e has area bounded 
from above by (see also HCMlll §7.5]). Combining with Marques-Neves’s result 

[IMN13I . we have: 

Corollary 1.5. Let be a closed 3-manifold with a bumpy metric g of positive Ricci curva¬ 
ture. Then there exist embedded minimal surfaces of arbitrarily large genus in (M^, g). 


We sketeh the proof of Theorem 1.2 as follows. If Theorem 1.2 were not true, let {Sj} 
be a sequenee in Ad tv ( |1.1| ). The Morse index bound implies that Sj are loeally stable away 
from finitely many points, and henee eonverge loeally smoothly to a minimal lamination C 
outside these points by Sehoen’s eurvature estimates [IS83L Assume that C is orientable and 
eonsider the leaves of C. If there is no isolated leaf, then we ean eonstruet a positive Jaeobi 
field along an aeeumulating leaf A, and henee show that A has only removable singularities; 
so its elosure A is a smooth, embedded, stable minimal surfaee, whieh eontradiets the posi¬ 
tive Rieei eurvature eondition. If C has an isolated leaf A for whieh the multiplieity of the 
eonvergenee of Sj to A is infinite or greater than one, then we ean also eonstruet a positive 
Jaeobi field, and henee get a eontradietion by using the same argument as above. In the ease 
of multiplieity one eonvergenee, we eonstruet a nontrivial Jaeobi veetor field whieh extends 
aeross the singularities, henee eontradieting the bumpy eondition. One main teehnieal diffi- 
eulty here is the faet that Sj might not a priori eonverge in the sense of varifold. For the ease 
that C is non-orientable, we ean get a eontradietion by eombining the above arguments with 
the strueture of non-orientable hypersurfaees (e.f. HZ 121 §3]). 


Acknowledgements: Part of this work was done while the first author was visiting MIT 
and he wishes to thank MIT for their generous hospitality. The seeond author wants to thank 
Toby Colding, Bill Minieozzi and Riek Sehoen for helpful eonversation on this work. Finally, 
we thank the referee for very useful eomments. 
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2 Preliminaries 


In this section, we recall some basic facts on minimal surfaces in 3-manifolds. Let be 
a closed 3-manifold with a Riemannian metric g. A minimal surface C is a critical 
point for the area functional, or equivalently a smooth surface with mean curvature equal to 
zero. S is called two-sided, if S has trivial normal bundle, i.e. there exists a unit normal 
vector field v. The Jacobi operator for the second variation of the area functional is given by 
(c.f. nCMlll §1.8]) 

L = As-f |Ap-f I/), (2.1) 

where As is the Laplacian operator on E with the induced metric, and A is the second fun¬ 
damental form of S, and Ricg is the Ricci curvature of (M, ^f). A G M is an eigenvalue of L 
if there exists a smooth function f G C“(S) such that Lf = — A0. The Morse index of S, 
denoted by Ind(S), is the number of negative eigenvalues of L counted with multiplicity. E is 
called stable if the Morse index is zero. When RiCg > 0, there is no two-sided, stable, closed 
or complete, minimal surface. The case for closed minimal surface is trivial by plugging in 
constant test function in the second variation of area; while the case for complete minimal sur¬ 
face is given in the appendix, c.f. Theorem |4.2[ A Jacobi field fu on E is a solution of Lf = 0. 

For stable minimal surfaces, we recall the curvature estimates due to Schoen [IS83II (see 
also HCMlll Corollary 2.11]). 

Theorem 2.1. Given A; > 0, zJE^ C Broi^) G is an immersed stable minimal surface 
with trivial normal bundle, where the sectional curvature of Km of M satisfies \Km\ < 
the radius tq < pi{Tr/k,k) and OE C dBrg{x), then for some C = C{k) > Q and all 
0 < cr < ro, 

sup |Ap < (2.2) 

cr 

Now we introduce the definition of lamination. 

Definition 2.2. (cf. Thurston IIT80I . Colding-Minicozzi HCMOOII f A codimension one lami¬ 
nation of is a collection C of smooth, disjoint, connected surfaces, denoted by A (called 
leaves) such that UaecA is closed. Moreover for each x E M there exist an open neigh¬ 
borhood U of X and a local coordinate chart, ((/,$), with $((/) C such that in these 
coordinates the leaves in C pass through the chart in slices of the form (M2 X {f}) n $([/). 

In [|CM04rVI . Colding-Minicozzi discussed the compactness of laminations. Recall that 
a minimal lamination is a lamination whose leaves are minimal. A sequence of laminations is 
said to converge if the corresponding coordinate maps converge. 
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Theorem 2.3. ( I\CM04IV\ Proposition B.l]) Let be a fixed 3-manifold. If Ci C B2r{x) C 
M is a sequence of minimal laminations with uniformly bounded curvatures (where each leaf 
has boundary contained in dB 2 R(x)), then a subsequence of Ci converges in the C°‘ topology 
for any a <lto a Lipschitz lamination C in Br(x) with minimal leaves. 

Remark 2.4. Here the “Lipschitz” regularity means that the coordinate charts of C are Lip¬ 
schitz, while each leave is still smooth. 


We need the removable singularity theorem for stable minimal surfaees. 


Lemma 2.5. Given a 3-manifold M and a point p G M, let E C M\{p} be a connected, 
properly embedded, minimal surface with trivial normal bundle. If S is stable in a local 
geodesic ball B^fip) and B^fip) fl (S\E) = {p}, then S has a removable singularity at p. 


Remark 2.6. Lemma 2.5 is proved for M = by Gulliver-Lawson l[GI^6\ Theorem 3.3] 


and Colding-Minicozzi hCMI5\ Lemma A. 35 ]. We present a proof based on ideas by Colding- 
Minicozzi ^CMI5\ Lemma A. 35] and White / IW^TI/ for completeness. Note that this result also 
follows by combining l\G76\ Lemma 1] and / I5i5l Remark A.2]. 


Proof. Consider the blow up Sj = (by embedding M into some M^) of S at p by an 
arbitraty sequenee of numbers Aj deereasing to 0. By the sealing invariant eurvature estimates 
I, Sj eonverge loeally smoothly to a eomplete, stable, minimal surfaee E' in 
The Bernstein theorem for stable minimal surfaees with point singularities in (e.f. [|GL86[ 
Corollary 3.161 IICM151 Lemma A. 34]) implies that E' is a union of planes. By an argument 
of White [|W87[ page 251], this implies that, for small enough r, the distanee funetion x —)■ 
distM{x,p) of M when restrieted on E fl Br{p) has no eritieal points exeept for striet loeal 
minima, and henee (by Morse theory) eaeh eonneeted eomponent of E n is either a disk 
with exaetly one eritieal point, or a punetured disk with no eritieal point. Take a eonneeted 
eomponent S of E fl 5^ that is a punetured disk, then the removable singularity theorem for 
minimal surfaee with finite Euler eharaeteristie by Gulliver [IG76II and Choi-Sehoen IICS85[ 
Proposition 1] implies that E has a removable singularity at p. So Maximum Prineiple implies 
that E n has only one eomponent, and (E fl Bfi U {p} is an embedded minimal disk. □ 



We also need the following removable singularity theorem for minimal laminations with 
a point singularity. 


Theorem 2.7. Give a minimal lamination C of a punctured ball Br{p)\{p} in a 3 -dimensional 
Riemannian manifold [M^, g), if the leaf is either stable when it is orientable, or has a stable 
orientable double cover, then C extends to a minimal lamination of Bfip). 
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Remark 2.8. This theorem is a direct corollary of the combination of Schoen’s curvature 
estimates (c.f Theorem 2.i| ) and the Local Removable Singularity Theorem of Meeks-Perez- 
Ros kMPR13\ Theorem 1.1]. In particular, Schoen’s curvature estimates applied to each 
orientable leave h. (or its orientable double cover when A is nonorientable) implies that 
\Af\(x)dM{,x,p) < C for all X E A C C, and this is the only requirement for C to apply 
kMPR13\ Theorem 1.1]. 
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Proof of Theorem 


1.2 


In this section, we prove Theorem |1.2[ First, we recall an elementary fact (c.f. Fischer- 
Colbrie IIFC85I Proposition 1] and Sharp HSlSi Lemma 3.1]): 


Lemma 3.1. Suppose TP C is a closed, smooth, embedded, minimal hypersurface with 

Morse index N. Given any disjoint collection of N + 1 open sets Ut C M, then E 

must be stable in Ui for some 1 < z < + 1. 


The next result is an application of Lemma [TT] 

Lemma 3.2. Given a closed, smooth, embedded, minimal surface C with index at 
most N, then for any r > 0 small enough, there exist at most N disjoint balls {Br(pi)}f=i of 
such that Tf is stable on any ball Br{x) in M\ Br{pi). 

Proof. Suppose that the conclusion were not true. Given any disjoint collection of small balls 
of M^, we can find a ball Br{xi) C M\ Br{pi) such that E is unstable 
in Br{xi). By Lemma [ tT] there exists a ball, which we assume to be Br{pi), such that E is 
stable in Br{pi). We now consider the N balls 


Si := {5^(P2), ■ ■ ■ , Br(,PN), Br(,Xi)}. 


If the set satisfies the property of the lemma, then we stop. Otherwise, there exists a 
Br{x2) C M\( U ^2 Bripj) U Br(xi) ) such that E is unstable on Br{x2). By Lemma 


3all 


there exists a ball, which cannot be Br{xi) and so we assume to be Br{p 2 ), such that E is 
stable in Br{p 2 )- Then we consider the N balls 


S 2 := {Brips), ■ ■ ■ , Br{pN), Br{Xi),Br{x2)}. 


If the set S 2 satisfies the property of the lemma, then we stop. Otherwise, we repeat the above 
arguments. We will either stop at N balls satisfying the property of the lemma, or we get the 
disjoint collection of balls 


Sn := {Br{Xi), ■■■ , Br{xN)}- 
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Note that S is unstable in any balls Br{xi). By Lemma [3?T] again, E will be stable in any ball 
Br{p) C M\ Br{xi). The lemma is proved. 

□ 


Now we are ready to prove Theorem |1.21 
Proof of Theorem [772] We divide the proof into the following steps. 

Step 1: By eontradietion argument, we assume that (M^, g) is a elosed 3-manifold with 
a bumpy me trio g, and contains infinitely many elements. Let {Sj} be a sequenee in 
fA-N- Fix r > 0. Then for eaeh Sj, by Lemma 3.2 there exist at most N balls of 


M, suoh that Ej is stable in any ball Br{p) C M\ Br{pij). Up to a subsequenoe {pij} 
eonverge to {poo,j} as points, and henee by shrinking r, we have that E* is stable in any ball 
Br{p) in M\ B 2 r{poo,j) for large i. Also by basio differential topology, Ej must separate 
Br{p) when Br{p) is a topologioal ball, e.g. when r is less than the injeotive radius of (M, g). 


and henee Ej fl Br (p) is orientable and two-sided. By Theorem 2.1 the eurvature is uniformly 


bounded for any p ^ M sueh that Br{p) C M\ LljL^ i?2r(Pooj), i-C. 

sup 

Sr-c7(p)nEi U 


(3.1) 


Therefore, a subsequenoe of {Ej} (elearly eaeh Ej is a minimal lamination) eonverges on sueh 


a ball Br/ 2 {p) to a minimal lamination by Theorem 2.3 By passing to further subsequenees 


(still using the same notation), {Ej} eonverge to a minimal lamination on M\ B 2 r{poo,j)- 
Letting r —0, then a further subsequenoe of (Ej) will eonverge to a minimal lamination of 
smooth, embedded, disjoint, minimal surfaees C = UasoA in M\{poo,i, • • • ,Poo,n}- There¬ 
fore, the leaves of C have at most N singular points. Furthermore, the eonvergenee of Ej 
to eaeh leaf in C is looally smooth in M\{poo,i, • • • ,Poo,n} by the eurvature estimates, and 
henee the leaves of C satisfy similar looal eurvature estimates ( |3.1| ) as well. 

By the Maximum Prinoiple for minimal surfaees HCMlli Corollary 1.28], different sheets 
oan toueh at most on the singular sets. We say a leaf A is isolated if given any oompaot subset 
K C A, there exists a tubular neighborhood U of K in M, suoh that the interseetion of any 
other leaf with U is empty. Given a leaf A G £, then either A is isolated, or by the eurvature 
estimates (3.11 and the Maximum Prineiple HCMlll Corollary 1.28], A must be an aeeumu- 
lating leaf, i.e. there exists a sequenee of leaves {Aj} in £, sueh that Aj eonverge to A looally 
smoothly (with multiplioity one by the definition of lamination). 


Step 2: Suppose that there is no isolated leaf. Then piek up an arbitrary aoeumulating leaf 
A. Let us first assume A is orientable. Denote v by the unit normal veotor field along A. 
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We claim that A is stable. Let Aj be the sequence of leafs in £ which converge to A. The 
fact that Aj are disjoint from A implies that possibly up to a subsequence Aj converge to A 
locally smoothly from one side. Here convergence from one-side can be explained as follows: 
given any local ball Br{p) such that the intersection A fl Br{p) is diffeomorphic to a disk, and 
that A separates Br{p) into two connected components Ui and U 2 with u pointing into Ui, 
then for i large all the intersections Aj fl Br{p) must lie in Ui. For i large enough we can 
choose domains flj C A exhausting A so that each Aj can be written as a normal exponential 
graph over Hj of a function tUj. Furthermore, we can assume that the graphical functions Wi 
are positive, i.e. Wi > 0, as Aj lies in one-side of A. Denote Ui = Wi/wi{p) for some fixed 
p G A. Then following similar argument as in HCMOOi Lemma A.l], Ui converge to a positive 
solution M > 0 of the Jacobi equation Lu = 0 on A. By HCMlli Lemma 1.36], the existence 
of a positive solution Lu = 0 implies that A is stable. 

If A is non-orientable, we can consider the orientable double cover tt : A — A. We claim 
that A is a stable immersed minimal surface. In fact, we can consider the pullback of normal 
bundle ir* (i^(A)) , where i^(A) is the normal bundle of A inside (M, g). Now vr* (z^(A)) forms 
a double cover of a neighborhood of A, and we can pull back the metric g and the lamination 
C to 7r*(i/(A)). Inside the pullback lamination, the zero section, which is isometric to A, is 
an accumulating leave, and is therefore stable by the same argument as above. 

Now we have proven that each leaf is either orientable and stable, or has a stable double 
cover. Therefore Theorem |2 .7 1 applied to balls near each singular point p^oj implies that the 
limit lamination C has removable singularity, and each leave extends to a smooth, embedded, 
complete, minimal surface. Pick a leaf A in the extended lamination; by Lemma 4. L A is 


stable when it is orientable, or has a stable double cover, contradicting the condition Ricg > 0 
via Theorem 14.2[ 

Remark 3.3. After completing this paper, we realized that hMPRlOM proved similar stability 
result for accumulating leaves using a different method by constructing local calibrations. 


Step 3: Suppose that there exists an isolated leaf A G £. Then by Step 1 there exists 
a sequence of minimal surfaces C Aljv, so that given any compact subsets K of 

A, and a tubular neighborhood U of K (such that the intersection of other leaves with U 
is empty), then Ej fl (/ converge locally smoothly to A. In this step, we consider the case 
when the multiplicity of the convergence is greater than one, and we will postpone the case 
of multiplicity one convergence to the next step. 

By similar argument as in Step 2, we can simply assume that A is orientable with a unit 
normal vector field. For i large enough we can choose domains Dj C A exhausting A, and 
tubular neighborhoods Ui of Dj with f/j fl Ej = Dj, so that Ej fl Ui decomposes as a multi¬ 
valued normal exponential graph over Dj. By embeddedness and orientability of A, these 
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sheets are ordered by height. Using arguments similar to those in the proof of HCMOOi Theo¬ 
rem 1.1], we ean eonstruet a positive solution u to the Jaeobi equation Lu = 0 on A. Therefore 
A is stable. 

Now there are two possibilities. The simpler ease is when A is properly embedded, 
and Lemma |2.5| implies that A has removable singularities, and the elosure A is a elosed, 
smooth, embedded, orientable minimal surfaee, whieh is stable by Lemma [4T[ eontradieting 
RiCg > 0. If A is not properly embedded, we ean eonsider the set-theoretieal elosure A of A 
in M, and sueh a elosure forms a sub-lamination £a of £ |5 Besides A, this sub-lamination 
eontains only aeeumulating leaves by definition. Following arguments in Step 2, Ca satisfies 
the requirement of Theorem |2. 7 [ and has removable singularities. Using arguments in Step 2 
again, we ean get a eontradietion to RiCg > 0. 


Step 4: Now we foeus on the ease when the multiplieity of the eonvergenee of Sj to eaeh 
leaf is one. In this ease, we are going to eonstruet a Jaeobi field along a leaf, say A. We will 
show that A extends to a elosed minimal surfaee with a nontrivial Jaeobi field, whieh violates 
the bumpy eondition. 

First we will show that A has removable singularities. In faet, near eaeh singular point 
p G A\A, there is a small radius > 0 sueh that A fl Brp{p)\{p} is stable. If this is not true, 
by similar arguments as in PFCSSl Proposition 1] and I1S151 §4, Claim 2], we ean eonstruet 
infinitely many veetor fields with pairwise disjoint eompaet supports in Br{p)\{p} for some 
r > 0, along whieh the seeond variation of A are negative. Sinee the eonvergenee of Sj to A 
is loeally smooth on Br{p)\{p}, the seeond variation of Sj along these veetor fields will be 
negative for i large enough, and this is a eontradietion to the faet the S* has bounded Morse 
index. The faet that A has removable singularity follows exaetly the same as in Step 3. 

We have two possibilities similarly as above. If A is not properly embedded, we ean get 
a eontradietion by looking at the aeeumulating leaves of the sub-lamination formed by the 
set-theoretieal elosure of A. In partieular, as in Step 3, A \ A is non-empty, and eontains all 
aeeumulating leaves. Take an aeeumulating leaf A' c A \ A, and eonsider its set-theoretieal 
elosure A', then this new sub-lamination Ca' of C eontains all stable leaves, and we reduee to 
a ease similar to Step 2. 

Therefore A is properly embedded, and A is a elosed, smooth, embedded, minimal surfaee. 
We will eonstruet a nontrivial Jaeobi field along A by modifying the proof in HCMOOl Theorem 


^Since C is closed, A is a subset of C as subsets of M. Given any local coordinate chart ([/, $) as in 
and an arbitrary point p G (A \ A) n C, we claim that the leaf of £ n 17 passing through p, i.e. 


2.2 


Definition : 

<1)“^ (fp) where tp is the f-coordinate of <l?(p) in $(17), is contained in A, and this implies that A has a lamination 
structure. To show the claim, let € A be a sequence of points converging to p. Denote £ by the 1-coordinate 
of $(pi) in $(17), then ti -G tp. Therefore $“^(£) converge to $~^(lp) as sets. Hence $“^(lp) contains all 
limit points of A, and $“^(lp) C A. 
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1.1 and Lemma A.l]. In fact, the key missing point in our case is the lack of a priori uniform 
area bound for the sequence Sj. Theorefore we could not a priori get the varifold convergence 
of Sj, so we can not use the Allard Theorem [IA172II to derive smooth convergence of Sj to A 
as in HCMOOII . Our strategy is as follows. In this part, we assume that A is orientable. By the 
locally smooth convergence with multiplicity one and the fact that A is isolated, for i large 
enough we can choose domains Oj C A exhausting A, and tubular neighborhoods Ui of O* 
with f/j n A = Oj, so that Sj fl Ui decomposes as a normal exponential graph over O* of a 
function Ui. See FigureAs in [|Si87[ equation (7)], Lui vanishes up to higher order terms 
which converge to zero as i —)■ 0. Here L is the Jacobi operator of A. Let U = Ui/\ui\L'i{p,.), 
then the /ij’s satisfy uniform local (7^’“ estimates by similar arguments using elliptic theory as 
HCMOOl Lemma A.l], and hence converge (up to a subsequence) to a function h on K locally 
smoothly with L/i = 0. 

It remains to show that h is nontrivial and that h extends smoothly across those discrete 
points in A\A. To check these two facts, we will show that near each p G A\A, the |Mi|’s 
and hence \hi\"s are bounded by a uniform multiple of their supremum along dB^{p) fl A 


for some small e > 0 (see the following (3.2)). Recall the following facts in the proof of 
HCMOOi Theorem 1.1]. Consider the cylinders (in exponential normal coordinates) over 
B^{p) n A. If e is small enough, there exists a foliation by minimal graphs Vt of some small 
normal neighborhood of A in A"e, so that 


no (a;) = 0 for all x E B^{p) D A, and Vt{x) = t for all x E dB^{p) fl A, 


and Vt satisfy uniform Hamack inequality, i.e. t/C < Vt < Ct for some C > 0. Note that we 
have 

Claim 1. Ej converge to the limit lamination C in Hausdorff distance. 

Proof. Suppose not; then there exist 5 > 0, and a subsequence of E, (still denoting by Ej), 
such that the intersection of the support of each Ej with M\f/ 5 (UAez:A) (the complement set 
of a 5-neighborhood of Uas^A) is nonempty. However, we know that Ej converge smoothly 
outside at most N points (on the support of C) by Step 1. Also by the monotonicity formula 
[|Si83i §17], Ej have a uniform area lower bound in M\U■ It means that Ej must 
converge smoothly to a nonempty subset of the lamination C in M\(75(UAe£A), hence a 
contradiction. □ 

Therefore by the Maximum Principle HCMlli Corollary 1.28] and the Hausdorff convergence, 
we can follow the argument in the last paragraph of HCMOOi page 119] to show that (see Figure 

0 

sup \ui{x)\ < C sup \ui{x)\. (3.2) 

x&B^j2i.p)OO.i a:s9Se(p)nA 
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Now let us go back to check the behavior of hi. If the limit of hi is zero, i.e. = 0, then \hi\ 
converge to zero uniformly on any compact subsets of A\A by the local smooth convergence. 
In particular \hi\ will converge to zero uniformly, and by (3.2), \hi\ 

will also converge uniformly to zero, hence contradicting the fact that = 1. So h 

are 


/2(p)nOi \hi 


is a nontrivial Jacobi field on A. The same argument can also show that sup^^ 
uniformly bounded, and hence h extends smoothly across p. So is a nontrivial Jacobi field 
on A, contradicting the bumpy condition, c.f. [IW91[ Theorem 2.2]. 

If A is non-orientable, we can construct a nontrivial Jacobi field along A similarly by 
lifting to a double cover. Since A is closed and smooth, by the proof in HZ 121 Proposition 
3.7], we can construct a double cover M of M, such that the pre-image of A (which is also 
a double cover of A) is a smooth, embedded, orientable, minimal surface. Denote A by the 
pre-image of A in M. Let r : M —)■ M by the inversion map such that M = M/ {id, t} 
and A = A/{id,T}. Let u be the unit normal vector field of A, then z/ is anti-symmetric, 
i.e. = —u. By counting the sheets of the pre-image Sj of Sj in a small neighborhood of 
an arbitrary point p G A in M, which is isomorphic to a small neighborhood in M, we can 
show that Ej converge locally smoothly with multiplicity one to A. Then for i large, E* can be 
written as a normal exponential graph over A of a function Ui in the same manner as above. 


Claim 2. Ui is antisymmetric with respect to r, i.e. rtj o r = —Ui. 


Proof. Fix an arbitrary p ^ A, and let pi,p2 be the pre-image of p in A. For i large, take 
Xi G Ej such that the nearest point projection of Xi to A is p. Denoting xj and xj by the 
pre-image of Xi in M, then x^ = expp.{ui{pj)i){pj)), j = 1, 2. As F is anti-symmetric and 
x}, Xi go to the same point in M, Ui must be anti-symmetric. □ 


Theorefore, by working through the proof as above, the sequence of functions hi = Ui/\ui\L -2 
converge to a nontrivial solution h of the Jacobi field equation on A, and h is anti-symmetric, 
i.e. ho T = —h. Then X = hi> is a symmetric Jacobi vector field on A, and hence descends 
to a nontrivial Jacobi field on A, so contradicting the bumpy condition. 


11 












□ 


4 Appendix 


Here we show that stability ean be extended aeross points on a minimal surfaee by loga- 
rithmie eutoff triek. We add a proof for eompleteness (see also [|GL86[ Proposition 1.9]). 

Lemma 4.1. Let T, be a smooth minimal surface in (M, g) with trivial normal bundle, and p 
is an arbitrary point on E. If'E\{p} is stable, then S is stable. 

Proof. Denote r by the distanee function to p on E. Given e > 0 small enough, and let pir) 
be a cutoff function defined by: 


0 


if r < e^, 

if < r < e, 
if r > e, 


Then \Vp\ < 


1 |Vr| 

I log e| r 


- e^\ioge\ - e G°°(E), by the stability of E\{p}, 


{\A\^ + mc{u,u))pV< \V{vp)\^. 


(4.1) 


The right hand side can be estimated as: 


\^{vp)\^< / + 2pp\Vp\\Vp\+p‘^\Vp\‘^ 


Therefore, 


2pp\Vp\\V(p\ < C 


'T,rB„ (p) 


e^l log e| 


< C" 


- ^2 


I log e 


■62 = 


C" 


log 61 


Also denoting N = | loge|, 
[ p^\Vv\^ < ^ ‘‘ 


c 


N 

E 


(loge)2 ysn(s,(p)\B2(p)) (loge)2 ^ 7sn(i?^_2jv+i(p)\-B,-2iv+!-i(p)) ^ 


< 


c 


(log e) 


N 

E 

1=1 


-2N+l\2 


:,-2N+l-l\2 


C"e2 C"e2 

■ N = 


(loge)^ 


log 61 


Letting e tend to zero in ( 4.1| ), we can get the stability inequality for p. □ 

Next we state a result which was essentially due to Fischer-Cobrie and Schoen IIFS80I . 
although it was not stated explicitly there. The proof is well-known to experts, and we include 
it for completeness. 
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Theorem 4.2. Let {M^,g) be a three dimensional Riemannian manifold with positive Ricci 
curvature, then any complete immersed two-sided minimal surface S is not stable. 


Proof If the result were not true, let S be stable. We ean assume that S is non-eompaet. By 
HFSSOi Theorem 3], as (M^, g) has positive sealar eurvature and non-negative Ricei curvature, 
S endowed with the pull back metric is conformally equivalent to the complex plane C. 
Since S is stable, by HFSSOi Theorem 1], there exists a positive function m on E, such that 
Lu = Asm + + Ricg{v, u))u = 0, where L is the Jacobi operator (2.1) of E. Since 

Ric{v, u) > 0, we have < 0, i.e. m is a superharmonic function. It is well known that 
any superharmonic function must be constant on C as C is parabolic (c.f. HCMlli Proposition 
1.37]), hence A^m = 0, so we get a contradiction. □ 
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